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We study the possibility of coexistence in a two component fermionic system of a superﬂuid state with
a metallic-like state with gapless excitations at a Fermi surface. We consider a two-component system
with mixing (hybridization) between them and attractive interactions between only one type of quasi-
particles. Besides a conventional BCS regime, we ﬁnd for suﬃciently strong interactions a superﬂuid state
of Bose condensed pairs at zero temperature. We investigate whether these pairs can coexist with a
metallic-like state characterized by gapless electronic excitations. The zero temperature phase diagram as
a function of the strength of the attractive interaction and the mixing is obtained. For simplicity and to
clarify the nature of the quantum phase diagram we consider the case of s-wave pairing.
© 2011 Elsevier B.V. Open access under the Elsevier OA license.1. Introduction
After one hundred years of the discovery of superconductivity
this continues to be one of the more exciting topics of research in
condensed matter physics [1]. The discovery of new materials, pair-
ing mechanisms and symmetries of the order parameter conﬁrms
the richness of this phenomenon. The BCS theory which is ﬁfty
years old [2] provided the understanding of the microscopic basis
of superconductivity. One of the major success of this theory was
to explain the nature and the origin of the gap in the Fermi sur-
face observed in many superconductors. Later on, it became clear
that this gap is not a necessary feature of superconductors. In su-
perconductors with different symmetries, the Fermi surface is not
fully gapped and disorder in the form of magnetic impurities may
render s-wave superconductors gapless [2].
BCS superconductivity with Cooper pairs and long coherence
lengths is a weak coupling phenomenon with a physics distinct
from that of Bose–Einstein condensation (BEC). Several authors
however have pointed out that the wave function proposed by
BCS goes beyond describing weakly coupled pairs allowing a full
understanding of the crossover from weakly to strongly coupled
pairs of electrons [3]. In the latter case superconductivity is just a
Bose–Einstein condensation of these pairs. At zero temperature, the
case studied here, the BCS approximation fully describes the weak
coupling limit, the strong coupling BEC regime and the continu-
ous passage from one limit to the other [3]. There is a condition
however: the number equation must also be considered, besides
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chemical potential [3]. Notice that the situation is different at ﬁ-
nite temperatures, where ﬂuctuations above the mean-ﬁeld BCS
approach must be included to yield the correct Bose–Einstein con-
densation temperature [3].
The smoothness of the crossover between these two regimes
initially pointed out by theory has been conﬁrmed experimentally
in cold atom systems [4] where the strength of the interaction
can be tuned by a magnetic ﬁeld. The possibility of controlling the
strength of the attractive interaction in cold atom systems allowed
for new experiments which cannot be realized in usual condensed
matter systems. It has also excited the imagination of theoreticians
which came with different proposals for new ground states for the
superﬂuid matter. Among these proposals specially relevant for the
present study is that of internal gap superconductivity proposed
by Liu and Wilczek [5]. In a two-band superconductor with at-
tractive inter-band interactions a new superconducting state would
arise, with an internal gap in momentum space due to paired elec-
trons coexisting with a Fermi surface with gapless excitations. In
spite of the appeal of this suggestion, nature seems to decide for
a spatial phase separation between unpaired quasi-particles and
those forming pairs [6]. The theoretical basis for this proposal was
based in a weak coupling approach that extended the BCS theory
for multi-band systems.
In condensed matter physics, as we look for new advances in
superﬂuidity we meet with the possibility of the existence of su-
perconducting quantum critical points (SQCP) [7]. These are asso-
ciated with a quantum phase transition between normal and su-
perconducting states tuned by some external parameter. Although
in condensed matter we cannot change the strength of the interac-
tion, in general, it is possible to ﬁnd an adequate control parameter
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the systems for which this can be realized are the heavy fermion
materials [8]. They can be driven from the superconducting to the
normal state, for example by applying external pressure. This is a
special control parameter since it does not break time reversal in-
variance, differently from a magnetic ﬁeld or magnetic impurities
(we consider s-wave superconductivity for simplicity). Weak cou-
pling BCS superconductivity turns out to be a robust physical phe-
nomenon, mathematically expressed by a logarithmic singularity
which makes any Fermi liquid a zero temperature superconductor
in the presence of an arbitrarily weak attractive interaction. It is
very hard to destroy BCS superconductivity without breaking time
reversal invariance [9]. These features explain the ubiquity of this
state.
In this Letter we return to the problem envisaged by Liu and
Wilczek [5] and look for the possibility of superconducting ground
states of the type they proposed, with paired electrons coexisting
with a gapless Fermi surface. We consider two-band systems but
with intra-band attractive interactions. Contrary to the inter-band
case, the former does not lead in general to phase separation [10].
The attractive interaction is effective only for quasi-particles in one
of the bands. These quasi-particles occupy states below a well de-
ﬁned wave-vector, the Fermi wave-vector kF of the bare problem.
As hybridization increases and repels the bands, one of these leave
the region where the attractive interaction is effective. Then, these
two-band systems seem good candidates to look for the coexis-
tence of Cooper pairs and gapless fermionic excitations. Our study
requires to go beyond the weak coupling BCS regime and con-
sider strong attractive interactions. For this reason we use here the
general approach which has proven to be useful to describe the
crossover from weak to strong coupling superconductivity [3].
2. Two-band superconductor with attractive intra-band
interactions
The following Hamiltonian describes a two-component super-
conductor with attractive interactions between particles of one



























where a†iσ , a jσ , b
†
iσ , b jσ create and destroy electrons in the narrow
a-band and the wide b-band, respectively. The attractive interac-
tion U whose origin we do not specify acts only between the
electrons in one of the bands, the a-band. The hybridization V
mixes the electrons of different bands and can in general be con-
trolled by external means, as applied pressure. In order to solve
the problem above, in the mean ﬁeld or BCS approximation, we
have chosen to use the Greens function approach as extended by
Gorkov to include the anomalous Greens function [11]. The BCS
approximation has proven to describe correctly the weak to strong
coupling crossover at zero temperature. For ﬁnite temperatures,
which we do not consider here, it is necessary to include ﬂuctua-
tions to obtain the correct critical temperatures.
The quasi-particle energies of the superconductor are obtained


























+ Δ2V 2. (4)

























This has to be supplemented by the number equation, n = na +
nb which just expresses the conservation of the total number of











ga(ω j) + gb(ω j)
]
− f (−ω j)
[
ga(−ω j) + gb(−ω j)
]}
(6)
where f (ω) is the Fermi function,
ga(ω) = ω3 + akω2 −
(
V 2 + Δ2 + b2k
)
ω
− (akbk − V 2)bk − Δ2ak
and
gb(ω) = ω3 + bkω2 −
(
V 2 + a2k
)
ω − (akbk − V 2)ak .
Since f (±ω) = 1/2(1± tanh(ω/2)) we rewrite the equation above
as








× (ω2j − akbk + V 2)− Δ2ak} tanh βω j2 . (7)
Eqs. (5) and (7) form a system of coupled equations for the su-
perconductor order parameter and the chemical potential which
has to be solved self-consistently. The order parameter is given by
Δ = U∑k<kF 〈akσa−k−σ 〉. Since we are interested in studying also
the strong coupling case, the sum over wave-vectors includes all
states below the Fermi wave-vector kF of the original bands where
the interaction U is effective.
3. Linear bands
With the purpose of making analytical progress in the problem
posed by Eqs. (5) and (7), we consider the simplest case of two
linear bands with the degeneracy raised by hybridization.
The original bands with a linear dispersion relation are given
by
ak = bk = k = v f k − μ, (8)
where v f is the Fermi velocity and μ the bare chemical potential.
The Fermi surface is at ω = 0 and the common Fermi wave-vector
for V = 0 is kF = μ/v f . We will consider here the case of two
electrons per site, one in each band (n = na + nb = 2). For simplic-
ity, we take μ = 1.
When we turn on the hybridization, in the non-interacting case
(U = 0), the new hybrid bands are given by
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for V = V 0C . At this value of hybridization, all electrons, in a total of 2 electrons per
site, have been transferred to the lower band ω02(k). For V > V
0
C , the system is a
zero temperature insulator with a gap for excitations.
ω01 = v f k − μ + V ,
ω02 = v f k − μ − V . (9)
Hybridization transfers electrons from one-band to another. In this
process the chemical potential has to be renormalized to keep the
total number of electrons constant. For this purpose, we introduce
the renormalized chemical potential μ¯ = μ − δμ. The quantity δμ
represents a shift in the bands to keep the Fermi surface ﬁxed at
ω = 0. It can be calculated using the number equation, Eq. (7). At
zero temperature and for Δ = 0 the number equation reduces to,
2k3F = k3F1 + k3F2 with kF i the Fermi wave-vector of the ith hybrid





(μ¯ + V )3 + (μ¯ − V )3] (10)
or
μ¯3 + 3μ¯V 2 − 1 = 0 (11)
with all quantities renormalized by the bare chemical potential μ
(taken as μ = 1). As hybridization increases all the electrons are
eventually transferred to the lower hybrid band (see Fig. 1). This
occurs when, kF1 = (μ¯ − V )/v f = 0, i.e., V 0C = μ¯ with μ¯ to be de-
termined from Eq. (11). We ﬁnd V 0C/μ = (1/4)1/3 ≈ 0.63. In this
case, the bottom of the upper hybrid band is at the Fermi sur-
face ω01b = 0 and that of the lower at ω02b = −(μ¯ + V ) = −2V 0C ≈−1.26μ. The latter band accommodates all the electrons includ-
ing those originally in the upper band (see Fig. 1). If hybridization
is further increased, the ground state of the two-band system is a
band-insulator, with a ﬁnite gap for electronic excitations.
3.1. Interacting case
The chemical potential μ is now renormalized by both, the hy-
bridization and the interaction. As before, it is written as μ¯ =
μ−δμ, with δμ such that, the Fermi surface is kept ﬁxed at ω = 0.


























We are interested in studying the zero temperature phase dia-
gram of the attractive two-band model including the strong cou-
pling limit. In this limit the gap equation determines the chemical
potential [3]. We look for solutions which are unique to the two-
band problem and describe a superﬂuid with, possibly, additionalFig. 2. (Color online.) Dispersion relations for the linear band model in the interact-
ing case and for V /μ = 1/2. The lower band accommodates half of the original
electrons (1 electron per site), the other half has evaporated as preformed pairs
which in this case are on the verge of condensation.
Fig. 3. (Color online.) Zero temperature phase diagram for the linear band model.
For V > μ/2 there is a phase transition, along a critical line UC (V ), from a metallic
state with a Fermi surface and preformed pairs to a BEC superﬂuid where all elec-
trons have condensed in pairs. For V < μ/2 the system is a BCS superconductor for
any value of U > 0.
electronic excitations. A realization of such type of ground state
can be obtained if, at criticality (Δ = 0), ω1(k) 0 and ω2(k) < 0
for all 0 < k < kF2 (see Fig. 2). In this case the lower hybrid band
is below the Fermi surface and contains the unpaired fermionic
quasi-particles. The upper band, above the Fermi surface is asso-
ciated with bosonic excitations due to preformed pairs. For such
phase to exist, a necessary condition at its boundary is V  μ¯,
as can be seen from Eq. (9) replacing μ → μ¯. It turns out to be
useful to deﬁne an effective chemical potential for the two-band
system, μeff = V − μ¯, such that, the appearance of bosonic modes
is related in this case to the change of sign of μeff . Then, in the
interacting case for positive μeff , we expect to have both type of
quasi-particles, electrons in the lower band below the Fermi sur-
face at ω = 0 and preformed pairs occupying the lower energy
state of the upper band.
The zero temperature gap equation which determines the criti-




















with Δ = 0. The integration over wave-vectors in Eq. (13) is carried
out from k = 0 to the original Fermi wave-vector k = kF = v f /μ.
This can be done analytically and we get
1 = 3
3
G[μ¯, V ] (14)U μ
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ing case for V < μ/2. In this case kF2 < kF is inside the region of integration in
k-space (k kF ) in the gap equation. This leads to a logarithmic singularity and a
BCS state for any value of the interaction U > 0.
where
G(μ¯, V ) = 1
2
{(










μ − μ¯ log
(
V 2 − μ¯2
V 2 − (μ − μ¯)2
)]}
, (15)
for V  μ¯. The conditions for Eq. (15) to be real: V  μ¯ and
V μ− μ¯ imply that V /μ 1/2. For V /μ = 1/2, such that δμ =
μ¯ = V , the bottom of the upper band, ω1(k = 0) = −(μ¯ − V ) = 0
is just at the Fermi surface, ω = 0. Since in this case the bottom
of the lower band is at −μ = −1, it can accommodate only half
of the original n = 2 electrons per site. The missing electrons have
evaporated as preformed pairs (see Fig. 2). These pairs are on the
verge of condensation occupying the lowest energy state of the up-
per band.
Solving the gap equation, Eq. (14), to obtain the renormalized
chemical potential μ¯ as a function of U for a ﬁxed V  μ¯, we ﬁnd
that as U increases, μ¯ also increases attaining its maximum value
for μ¯ = V . Beyond this value of U , that we refer as UC , there is no
real solution of Eq. (13) for μ¯ with a zero order parameter (Δ = 0).
In the limit μ¯ → V , Eq. (15) becomes













This equation together with Eq. (14) determines a critical, hy-
bridization dependent, value of the attractive interaction UC above










where all energies are renormalized by the bare chemical poten-
tial μ. Then, for V  μ¯ and U > Uc , the ground state of the system
is a superﬂuid.
The phase diagram of the model is shown in Fig. 3. For V /μ <
1/2 the Fermi wave-vector of the lower band, kF2 < kF and con-
sequently it is inside the region of integration over k-space (see
Fig. 4). This gives rise to a logarithmic singularity in the gap equa-
tion which implies BCS superconductivity for any value of the at-
tractive interaction greater than zero.
For V /μ > 1/2 there is a phase transition from a normal metal
to a superﬂuid state of condensed pairs at a critical line UC (V )
as the strength of the interaction increases. Close to V /μ = 1/2
the critical line vanishes with a logarithmic singularity, UC ∝
1/ Log(V /μ − 1/2). For V /μ = 1/2 and Δ = 0, the band structure
at the transition is shown in Fig. 2. Half of the electrons have evap-
orated as preformed pairs and the other half is below the FermiFig. 5. (Color online.) Dispersion relations for the linear band model in the interact-
ing case, for V /μ > 1/2 and U at the critical line UC (V ). In this case kF2 > kF is
outside the region of integration in k-space (k kF ) in the gap equation.
Fig. 6. (Color online.) Quasi-particles spectra in the metallic phase below the line
UC (V ). The missing electrons below the Fermi surface at ω = 0 appear as pre-
formed pairs in the lowest energy state of the upper band. These pairs condense
when the system parameters reach the critical line, such that, V − μ¯ = 0 and they
become gapless, as in Fig. 5.
surface at ω = 0 in a metallic state. For V /μ > 1/2, hybridiza-
tion acts in detriment of superﬂuidity and decreases the number
of pairs. Consequently, as V increases, a larger value of the at-
tractive interaction is required to stabilize the superﬂuid state. The
quasi-particle spectra along the critical line separating the metallic
from the superﬂuid state for V /μ > 1/2 is shown in Fig. 4.
Notice that the phase diagram in the BEC side extends from
V /μ = 1/2 to V = V 0C ∼ 0.63μ. For V > V 0C the system is a band
insulator for U = 0, as we have shown before.
In Fig. 6 we show the quasi-particle dispersions in the metallic
phase below the critical line UC (V ) of the phase diagram shown
in Fig. 3. For μ/2 < V < V 0C , the number of electrons in the lower
band is always less then the total number as, for example, in
Fig. 5. There is a clear deﬁcit of electrons in this case and since
the system is normal below the critical line they are not in con-
densed pairs. The missing electrons appear as preformed pairs,
which however have not yet condensed. These pairs occupy the
lower state in the upper band shown in Fig. 6. This state is sep-
arated by a gap V − μ¯ from the Fermi surface at ω = 0 which
plays the role of the effective chemical potential of the two-band
system. Only when this gap vanishes, i.e., μ¯ = V , these preformed
pairs condense and the system enters the BEC phase. This leads
us to identify the universality class of the normal-BEC quantum
phase transition along the critical line UC (V ) as a density-driven
Bose–Einstein condensation controlled by the difference V − μ¯.
The Bose–Einstein condensation for a ﬁxed value of the interaction
U occurs at the phase boundary between the metallic and super-
ﬂuid phases when V = VC (U ) = μ¯(U ). Then, in the metallic phase
below the critical line there is a coexistence of fermionic excita-
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close to the critical line in Fig. 3 (U/μ = 1.7, Δ/μ = 0.18). The values of the pa-
rameters renormalized by the bare chemical potential μ are shown in the ﬁgure.
tions with a well-deﬁned Fermi surface and bosonic quasi-particles
which appear as preformed pairs. The quantum phase transition
along the boundary VC (U ) (or UC (V )) is a density-driven Bose–
Einstein condensation of these preformed pairs [9].
The excitation spectra of the quasi-particles just inside the su-
perﬂuid BEC phase (Δ small) is shown in Fig. 7. These spectra
are gapped for all wave-vectors, including near kF2 = (V + μ¯)/v f .
For the values of the ﬁgure kF2/kF = 1.1. For small V or Δ, the
gap at kF2 the Fermi wave-vector of the non-interacting band,
ω2(kF2) ≈ VΔ/
√
4V 2 + Δ2 is of ﬁrst order in the hybridization
V . This gap is associated with the pairing of electrons in different
bands induced by hybridization. This inter-band pairing gives rise













which is also linear in the hybridization V and in the intra-band
gap Δ. It is this ﬁrst order coupling in hybridization that makes the
spectrum of excitations fully gapped even in the BEC superﬂuid
phase and does not allow a description of the two band super-
conductor in terms of a two ﬂuid model of bosons and fermions.
Notice that this effect, which is an intrinsic property of the two-
band system only appears if we diagonalize the full two band
BCS problem together with the hybridization, as we have done.
If hybridization is treated perturbatively and linear terms in V are
neglected, one arrives at an incomplete description of the system.
We conclude from the analysis above that in the superﬂuid phase
there are no gapless fermionic excitations in the spectra, as one
would expect from the dispersion relations along the critical line,
where Δ = 0, separating superﬂuid and metallic phases shown in
Fig. 5. This in turn guarantees the stability of the superﬂuid phase.
In the inter-band problem treated by Liu and Wilczek [5], the in-
stability of the BCS phase is closely related to the appearance of
gapless fermionic excitations in the superﬂuid phase.
Further knowledge of the character of the excitations can be
gained from the quasi-particle distributions n1(k,Δ) and n2(k,Δ).
The number equation can be written as the sum of the particles in
the two bands,





n(k,Δ) = n1(k,Δ) + n2(k,Δ), (20)
whereFig. 8. (Color online.) The quasi-particles distribution functions, n1(k,Δ), n2(k,Δ)
and n(k,Δ)−1 = n1(k,Δ)+n2(k,Δ) (full line) in the superﬂuid phase, Δ/μ = 0.18,
























In Fig. 8 we show the functions n1(k,Δ), n2(k,Δ) and n(k,Δ)−
1 = n1(k,Δ) + n2(k,Δ) in the superﬂuid phase for Δ small, i.e.,
close to the critical line separating the metal from the Bose con-
densed phase (see Fig. 3). For n1(k), the spectral weight is concen-
trated at ﬁnite wave-vectors corresponding to k¯F /kF = μ¯/v F kF =
0.58. For n2(k), quasi-particles with dispersion relation ω2(k,Δ)
are removed from the spectral region close to k = 0 and brought
above the Fermi wave-vector kF2 of band ω2 where kF2/kF =
(μ¯ + V )/v F kF = 1.13 for the values in the ﬁgure. This transfer
of weight shows that at least part of the reason for the round-
ing of this distribution near kF2 is to accommodate quasi-particles
removed from k ≈ 0. Also there is a dip in n2(k) for wave-vectors
close to k¯F , which is different from the wave-vectors of the non-
interacting hybrid bands kF1 and kF2. For large wave-vectors the
distribution function n(k) goes to zero as n(k) = Δ2/2k2 for linear
bands and as n(k) = Δ2/2k4 for parabolic bands.
4. The limit of very strong coupling
For very large attractive interaction deep inside the superﬂuid






















These equations can be solved for μ¯ and Δ and for n = 2 yield for
large U ,








The dispersion relations in this case are given by
ω1 =
√





+ (v f k − μ¯)2. (26)
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mass but the other becomes massless with a linear spectrum. The
term (V 2/U )2 allows to recognize these excitations as arising from
pairs of quasi-particles from the non-interacting band which are
driven to the superﬂuid state due to hybridization.
5. Conclusions
We have searched for a possible two ﬂuid state in a two-band
metal with attractive interactions between the quasi-particles in
only one of the bands (intra-band interactions). This system would
be a strong candidate to realize a state with gapless excitations co-
existing with superconducting pairs. We have started with a purely
electronic Hamiltonian and found no evidence for this two-ﬂuid
state. The excitations are gapped even at the Fermi wave-vector of
the non-interacting band. This result holds in both regimes of weak
and strong coupling. This search is specially relevant for cold atom
systems with s-wave coupling. For metallic systems such a state
can be trivially exhibited by systems with other type of symme-
tries, with k-dependent order parameter which vanish for certain
directions in k-space. The reason we do not ﬁnd gapless fermion
excitations coexisting with the bosons of condensed pairs is the
existence of hybrid pairs already in ﬁrst order in the hybridization.
This coupling only arises if we diagonalize with no approximations
the full Hamiltonian of the two band system, with BCS interaction
in one of the bands and hybridization, as we have done.
We have found the phase diagram for the two-band model,
which presents both, BCS and BEC types of superconductivity as
a function of hybridization and the strength of the interaction. The
system is stable in the whole phase diagram and the zero tem-
perature transitions are continuous, of second order. We ﬁnd that
superconductivity is suppressed only when the system is in the
BEC regime. We have used linear bands just for simplicity as most
of the calculations can be carried out analytically. Our main re-
sults, specially the phase diagram shown in Fig. 3 do not depend
on the form of the bands.
The present two-band problem resembles that of a Fermi gas
in an external magnetic ﬁeld. The magnetic ﬁeld plays the roleof hybridization and raises the spin degeneracy of the band. Our
approach would be similar to consider attraction only between
fermions with a given polarization. Such system could in princi-
ple be realized with cold atoms allowing to test the results we
obtained and verify the existence of the new superﬂuid state with
a homogeneous coexistence of bosons and fermions excitations.
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